The Canonical Flux Quantization and 

IQHE 



F.GHABOUSSI 

Department of Physics, University of Konstanz 
P.O. Box 5560, D 78434 Konstanz, Germany 
E-mail: ghabousi@kaluza.physik.uni-konstanz.de 

Abstract 

It is shown that the canonical flux quantization, which is described by the uncertainty relation on the 
phase space of the flux system, can result in the quantization of Hall-measures. Further it is shown that 
the polarization of this phase space, which is necessary for its quantization, results in the vanishing of 
longitudinal resistivity and conductivity. The equivalence between this approach and the topological 
approach to QHE is also discussed. 
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From the preference of edge currents in IQHE and the restriction of electronic currents in the theory 
of flux quantization to the boundary regions of superconducting ring, one deduces that there must be 
a connection between the IQHE and Flux quantization or superconductivity. Hence there is also hints 
about such a connection in case of FQHE 0| . We discussed such a connection already in a previous 
paper M. Here we will show that one can derive a possible background for the IQHE from the flux 
quantization. 

It is well known that the flux quantization § eA m dx m = J J eF mn dx m A dx n = $ = Zh; m, n = 1, 2 is 
an experimentally varified fact, however the conventional theory of flux quantization does not match the 
canonical quantization. Nevertheless in principle not only the flux quantization but also the QHE ,as 
quantum theories, should be described by a canonically quantized theory. 

We showed recently that the flux quantization can be described as the canonical quantization of <f A m dx m 
on the {A m , a; m }-phase space by the commutator postulate e[A rn ,x m ] = —ih. Thus, there must be an 
equivalent uncertainty relation that can appear in two dependent forms: 



which are related with each other by the Landau gauge A m := Bx n e mn [|3|. 

Recall that the canonical flux quantization with respect to the J J F mn dx m A dx n — eB J J dx m A 
dx n = Zh action can also be described by eB[x m ,x n ] = —ihe mn commutator which is related with the 
second form of the uncertainty relation (1) and which is known as the non-commutativity of the relative 
coordinates of the cyclotron motion of electron Q . This commutator is related with the above one by 
the Landau gauge. 

If we consider the minimum value of position uncertainty (A%)( ro j„) = Ib, then we obtain from the 
second uncertainty relation the defining relation of the magnetic length: l 2 B :— Thus, one has also 
the uncertainty equations: 



eAA m ■ Ax m > h 



eB ■ \ Ax m \ ■ \ Ax n e 



(i) 



eAAm ■ l B 



eB ■ ll 



= h 



(2) 
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Here we will show that the uncertainty relations (1) or (2) can also define the quantization of the 
Hall- conductivity or resistivity. Recall also that the mentioned commutator [£ m ,i„] = —il%e mn is an 
example of the non-commutative geometry of configuration space of cyclotron motion, hence there is also 
a quantization of the Hall-measures according to the non-commutative geometry [9 . 
We will show also that, if the flux <f> := § eA m dx m = J J F mn dx m Adx n is considered as a canonical action 
functional on the phase space of the related system, then its variation results in the correct equations of 
motion of photons. Furthermore, it will be shown that according to the "geometric" quantization of flux, 
the necessary polarization of the phase space of flux results in the vanishing of longitudinal resistivity 
and conductivity in QHE |^|. In other words, the canonical quantization of flux should explain both: 
The quantization of Hall- measure and the vanishing of longitudinal components, in a consistent manner. 

To discuss the quantization let us first consider that in the Ohm's equation the Hall resistivity is given 

as the proportionality factor pn = — * m e mra or pn = — tt— e-mn which is equivalent to its semi- 

neotX n ' neox n 

classical definition pn '■= — , where n is the global density of electrons on the QHE sample. These both 

ne 

definitions are however semi-classical definitions as one expects from the usual (semi-classical) Hall-effect. 

Whereas in the quantized case, i. e. in QHE, the relation between A m - and x m expectation values should 

be governed either by the expectation values of the above discussed commutators or by the equivalent 

uncertainty relation (1). In other words, in such a quantum case, one has to do always with dependent 

variations of A m and x m so that: dA m > AA m and dx m > Ax m which are related by (1) or (2). 

dA 

Therefore, in the QHE case the quantized Hall resistivity should be given instead of pu — — ~ — £ m n, 

neoxn 

consistently, by its quantized version where the differentials dA m and dx m are replaced by the related 
finite values of AA„, and Ax m uncertainties: 



q _ AA m 
neAx n 

eAA m ■ Ax rn = eBAx m Ax n >h, (3) 
which means that the uncertainty relation should be fulfilled by the p^ relation. 

If we replace AA m in the relation according to the first uncertainty relation (1), then we arrive at: 
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Pjj — e mn 2 . a (4) 

ne z Ax m ■ Ax n 

Recall, that the classical and semi-classical relations are given in terms of infinitesimals, e. g. dx m which 

should tend to zero. Whereas, the quantum relations are in terms of finite quantities, e. g. AA m and 

Ax m which are prevented to become zero in the quantum cases according to the uncertainty relations. 

Now the most closest form of the quantum relation (4) to its differential or local definition: pn = 
dA 

m -e mn is achievable for the most minimal possible values of AA m and Ax n . Nevertheless, this can 



nedx n 

be achieved, in view of the dependency A rn = e mn B ■ x n , also if only Ax n = Ax m is replaced by its 
most minimal value which is equal to the magnetic length Ib- Because, for a given value of B, the 
(Ax n )( m j„) = Ib is the smallest possible length which is available quantum theoretically for the cases 
under consideration and so it is the smallest variation for x m under the given quantum conditions. 
Consistently, also for the ideal case of QHE one has the edge currents which flow within a distance 
from the edge of sample which is equal to the magnetic length, i. e. (Ax m )( m j„) = Ib 0- Moreover, 
one has for this same ideal case under quantum conditions (QHE) the uncertainty equation (2) where 
|Ax m |( m j n ) = \e mn Ax n \( min } — Ib- Using this in the relation (4) one obtains the quantized value of the 
Hall-resistivity: 



h 



where v := 2irnl B is as usual the filling factor. 

Thus the most closest form of the quantum theoretically allowed definition of to its infinitesimal 
dA 

definition pn = — ~ — e m n, which is also appropriate for the QHE case, is given by the relation (5). 

neox n 

Therefore, the flux quantization on the QHE sample which is described by the uncertainty equation (2) 



dA m a h 

rantization ot the Hall-resistivity, i. e.: pn = 

above discussed manner 



can describe also the quantization of the Hall-resistivity, i. e.: ph = — r^-e mli — * p% — — ^ in the 

neox n ve z 



This approach is, despite of its finite character according to Ax m and AA m , also a topological approach, 
because on the one hand the area of sample under QHE-conditions is a multiple of the minimal quantum 
cell area: 2irl B . On the other hand, in the topological approach to QHE || the quantized Hall-measures 
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for the sample are given as the surface integral of the applied magnetic field, which is as the first Chern 
number on the sample manifold a topological invariant. Now for the applied constant magnetic field B 
it is obvious that this invariant is given by quantized flux eB ■ S = Nh where S is the total area of the 
sample and equal to a multiple of the above mentioned quantum cell area. Thus, it is this multiplicity of 
the total area of sample under quantum conditions, i. e. S = N ■ 2irl B which results in the quantization 
of the Hall-measures. 

Recall that the same area is also involved in the N = n ■ S (D . 

To see the equivalence with the topological approach in a direct way, let us perform the surface integral 

OA 

of the above definition nepn — -5 — e m n := B over the area of sample: J J nepn = J J B. It results in 

ox n 

view of the local constancy of pjj and for a constant B in the quantized Hall resistivity: Ne 2 p H \ = Nh 
or p H = —2 H- 

In summary: the flux quantization defines according to the relation (2) for a given B a quantum measure 
for the 2 — D area which is given by 2ttI b , such that the relevant "quantum" topological invariants , e. 
g. the area, are multiples of it. This is in accordance with the usual quantum cell decomposition of a 
quantized phase space, which is represented by the uncertainty relation. 

Now we show that the flux action functional S = § eA m dx m = J J F mn dx m A dx n results in the true 
equation of motion for the electromagnetic potential, i. e. for the photon field with its true two degrees 
of freedom. 

Herefore, recall first that the mentioned action functional has to be considered on the phase space of the 

system where its canonical conjugate variables are given by the set {A mi x" 1 }. However, in view of the 

fact that A m depends on x n by A m — Bx n e mn , the variation of action SS needs to be considered only 

with respect to the variation of 8x n , because the variation SA m is proportional to Sx n . Nevertheless in 

view of the action preserving canonical transformations on the phase space, x m as variables on the above 

dx^ 

phase space are in general functions of x n , therefore one has to consider dx l — — — dx m . To be precize, 
let us mention that the situation is the following: In the above phase space the varibles {A m ,x m } has 
to be considered as functions of % , whereby the system is constrained by A m = Bx n e mn . 
Let us consider now the S = J J F mn dx m A dx n and look for the Euler-Lagrange equations which results 
from a variation of this action with respect to the variation Sx n . The mentioned Euler-Lagrange equations 
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dL dL . 

= "n^a — m resu l ts 111 
ax m oa n x m 



d n d n A m - d m d n A n = o , (6) 

which is the usual vacuum equations of motion for A m potential, here in two dimensions. If one introduces 
the Lorentz gauge d n A n — 0, then one obtains the Laplace equation d n d n A m = as the equations 
of motion of electrodynamics. Recall that the other part of equations of motion in electrodynamics 
dF = d 2 A = arc identities. 

The same result is also achievable, if one uses the S = & A m dx m form of the same action functional. 
Here, one should consider fairly S — — <j)(A m dx m — x m dA m ) [JlO|. Thereafter, one obtains from the 
above Euler-Lagrange equations, the equations dA m = d m A m which is fulfilled only if both sides are 
equal to zero, whereby dA m := d n A m dx n e mn . Now these together, i. e. eft A = d m A m = and 
dA = dA m dx m = d n A m dx n A dx m — 0, give the same Laplace equation (d^d + deft) A — d n d n A m = as 
above. 

We show further that the necessary polarization in the phase space space of flux quatization, if it is 
considered for the QHE case, results in the vanishing of the longitudinal resistivity or conductivity plf . 

The concept of polarization is an essential tool of the quantization theory It describes the well 

known circumstance that the state function, which fulfils the quantum equation of motion, is beyond 

its time dependency only a function of the half of the phase space variables. This is known usually as 

the representation of the wave function, so that it should be either in the position or in the momentum 

representation. Thus, the polarization in the phase space of the canonical system {p m , 9 m } is described 

mathematically by the condition that the wave function $ should fulfil cither — — = or — — = [pfl , 

op m dq m ^ 

& 

As already discussed the phase space variables of the flux system are {A m , x m }[pT||. Thus the wave 
function of this system ip should be, beyond its time dependency, only a function of A m or of x m , i. e. 
either tp(A m ,t) or ip(x m ,t). In other words, in the first case it should fulfil the polarization equation: 



dip(A m ,t) = 

g x m y > 



G 



However, in view of the fact that ip(A m (x n ),t) does not depend explicitely on x m , but its A m -variables 
can be in general functions of x m , the following polarization equations should be solved on the integration 
path, where the action functional is defined: 



dip dA m dip dA n 

;€mn = (8) 



8A m dx m dA n dx r 

It is known that in the flux quantization the path of integration in the action functional § A m dx m 

must be chosen in a region where the electronic current is absent. This means that the electromagnetic 

potential on this path is a pure gauge potential A m = d m & ||. Therefore, on such an integration 

dA 

path the magnetic field strength should vanish (F mn )i on \ = F mn (A m ) — — — e mn = 0. This can be 
understood also in the following way: That because the velocity operators V m = (P rn — eA rn ) which 
define the current must vanish on this path, hence the field strength defined by the commutator of 
current operators {F mn )(on) = [Vn, V n ] also should vanish. 
Taking this into account the polarization equation (8) reduces to; 



di> dA m Q 



dA m dx- 



From the semi-classical Ohm's equations dtA m — pL'jm J rPH'jn e mn m the boundary region, it results that 

the longitudinal resistivity should be defined by the ratio := ^* m or by nepL ■= ^ — — • Therefore, 

nedtx m ' ox m 

in view of the necessary dependency of tp on A m in this polarization direction, the polarization equation 
(9) is fulfilled only if the longitudinal resistivity vanishes: 



ne PL = ^ = (10) 

dip 

Recall that, if one considers the other possible polarization direction — - — = in the same phase space, 

dA m 
ncdx m 

then one arrives in the vanishing of the longitudinal conductivity ctl ■= — • In view of the necessary 

dA m 

independency of the quantization from the direction of polarization in a quantized case like QHE @ @, 
both of mentioned longitudinal measures <tl and ph should vanish. 

The absolute vanishing of these longitudinal measures is an indication of an ideal QHE, hence the exact 
polarization describes an exact quantization; Whereas in real QHE samples, in view of impurieties, 
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these longitudinal measures do not vanish exactly. In an ideal QHE case where the quantization is 

exact the electronic currents flows within the width of magnetic length on the edge of sample, thus the 

potential uncertainty in this ideal case should be given by AA m = . Whereas in real QHE cases the 

el B 

quantization or polarization is not exact and not only the longitudinal measures do not vanish exactly 
but also the potential uncertainty should be less than that in the ideal case (see also ||). 
It is also intresting to mention that the vanishing of longitudinal measures or the polarization of the 
flux/QHE phase space is equivalent to the Lorentz/Coulomb gauge fixing in such a 2 — D case. 
Thus, the vanishing of longitudinal resistivity or conductivity in QHE is a result of the necessary quan- 
tization structure, i. e. of the polarization on the phase space of the system. In this way the vanishing 
of longitudinal measures in QHE can be understood within the canonical flux quantization of the QH- 
system. 
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776 
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B 

e 2 
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... Q Nh h - „ 
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Ne z ve 1 
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